DISCRETE  MATHEMATICS : Math3001


HOMEWORK 2

Exercise 1

Let ≡ be the relation defined on [image: image2.png]


 by requiring that n ≡ m iff  n and m leave the same

remainder on division by 3 (so ≡ is the relation we call congruence mod 3).

1. Decide which of the following equivalence hold and which do not:



0 ≡ 1, 0 ≡ 2, 0 ≡ 3, 1 ≡ 2, 1 ≡ 3, 1 ≡ 4, 2 ≡ -1, 4 ≡-5
2. Is ≡ reflexive on [image: image4.png]


? Give details of your reasoning.

3. Is ≡ symmetric? Give details of your reasoning.

4. Is ≡ transitive? Give details of your reasoning.

5. What are the equivalence classes of ≡? Give details of your reasoning.
Exercise 2
Define the relation R on ℤ as follows: For all a, b ∈ ℤ, 


(a, b) ∈ R  iff  3|(a-b);  i.e.  a-b=3k for some k ∈ ℤ

1- Show that R is an equivalence relation on ℤ.

2- Find the equivalence classes [0], [1] and [2]. 

Exercise 3
Let X = ℕ. Suppose we use decimal notation to represent numbers. Let ∼ be the

relation on ℕ defined by x ∼ y  iff  x and y have the same number of digits. So, for

example, 5 ∼ 9 but 5 ≁ 10. Show that ∼ is an equivalence relation on ℕ. How many

equivalence classes does ∼  have? What are they?
Exercise 4
Let X = {1, 2, 3}.

1. Suppose R is the identity relation on X, so that R = {(1, 1), (2, 2), (3, 3)}. Is R
antisymmetric? Is R a partial order on X?
2. Suppose S = X × X. Is S antisymmetric? Is S a partial order on X?

3. Build two different partial orders on X, each of which contains the pair (1, 2).
Exercise 5
Let X = ℤ, the set of integers. Then the usual ordering ≤ on ℤ is the set of all ordered

pairs n ≤ m such that there is some non-negative integer k for which n+k = m. Show

that ≤  is a partial order on ℤ.
Exercise 6
Let X be the powerset of {1, 2, 3}. Consider the relation ⊆ on X, where A ⊆ B iff every member of A also belongs to B.
     1.
Show that R is a partial order. 

     2.
Draw the digraph and the Hasse diagram of this relation.

     3.  
Build a linear order ⊆1 that is a topological sorting of ⊆.

Exercise 7
Let Y  be the set of nonzero integers. Let S ⊆ Y × Y be given by (x, y) ∈ S if x | y,

that is, if x is a factor of y, so that y = kx for some integer k. Show that S is not

antisymmetric, and therefore is not a partial order.
Exercise 8
Let X be the set of positive integers {1, 2, 3, …} and let R ⊆ X × X be given by

(x, y) ∈ R if x | y. Show that R is a partial order. Is R linear?
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